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Keeping inventory is certainly nothing new. The basic need of inventory is given by the fact that producing, reﬁning or
improving any kind of goods requires inventories at some stage in the process. In the early 20th century, mathematical
methods started to emerge and they focused on optimizing the size of the inventory and the orders [8]. Ever since, there
has been an increasing number of contributions that complement the basic model in different ways. It is also natural to
try to extend the EOQ-models since the inventory situation may differ quite substantially from one company to the next.
For instance, there are differences in the way companies sell their products, the way they replenish or produce their products
as well as how they manage their inventories. The EOQ-models are based on a continuous-review policy and they assume
that the inventory can be monitored every moment in time. In practice this is implemented by a procedure to monitor the
inventory each time a change occurs. Then, if the inventory has reached a threshold, the replenishment decision will occur.
The continuous-review policy is event-triggered, while other policies are time-triggered, i.e. the ones based on a periodic-
review inventory policy. The latter kind is of great interest but not considered in more detail here, since the contribution
belongs to the ﬁrst class of inventory problems.
Since the basic version of the economic order quantity (EOQ) formula Harris provided, there has been an important track
in the inventory management research community to provide improved versions of the economic order quantity formula, for
instance, ﬁnite production rate, quantity discounts, backorder costs (penalty costs), multiple inventory locations as well as
combinations of several extensions. These extensions make it possible to use the EOQ-formula in an increasing number of
applications. However, decision making are often uncertain. If the uncertainty is insigniﬁcant, it may be possible to use some
classical EOQ-formula. The uncertainties today are often signiﬁcant and thus the models need to account for them. Some-
times the uncertainties can be modelled stochastically (as done in [10]), but quite often, they cannot be captured with prob-
abilistic means, but only from expert opinions within the companies. This is typically the case with new products, and
products with very large seasonal and other unknown variations. For these kinds of uncertainties it is possible to use fuzzy. All rights reserved.
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out fuzzy modiﬁcations of the model of Salameh and Jaber [16], which took the defective rate of the goods into account.
Chang et al. [6] solved numerically an EOQ with fuzzy backorder quantities and Yao and Lee [18] solved it with a fuzzy order
quantity [13,14] solved an EOQ-model with the lead times as decision variables as well as the order quantities. Yao et al. [21]
introduced an EOQ-model, without backorders, but for two replaceable merchandizes. Yao and Chiang [20] used the signed
distance method for a fuzzy demand EOQ-model without backorders. Other relevant contributions in this ﬁeld are Roy and
Maiti [15] and Vijayan and Kumaran [17], for instance. Finally Björk and Carlsson [2] solved the case, where the lead times
are fuzzy, but the demand kept crisp. This paper addresses an EOQ-model with backorders, where the demand and the lead
times are kept fuzzy (general triangular fuzzy numbers).
The applications for the EOQ-formula and its variants are huge. A speciﬁc application that inspired the author to con-
duct this research is found in the ﬁne paper supply chains (or distribution chain) in the Nordic countries. These chains
consist of a few large paper producing companies and quite many distributors that operate independently from the pro-
ducers. The replenishment decisions for these distributors are done under uncertainties that often don’t allow itself to be
captured by probabilistic measures, cf. [2,4]. Still the replenishment decisions need to be crisp. Therefore, there was a need
of improving the current theory and this paper concludes this effort and develops a model, based on the basic EOQ, but
with the feature of having fuzzy triangular demand and lead times. In addition, the analytical solution was desired to en-
sure simplicity and generality. Earlier work related to this one is found in Björk and Carlsson [2], who worked out the
analytical solution (in contrast to [6]), for the EOQ with backorders and symmetrical triangular fuzzy lead times. However,
there was a minor error in the beginning of the calculations that propagated throughout the paper. Therefore, the tech-
nical report by Björk [1] corrected this error and did also introduce (symmetrical triangular) fuzzy demand. The strategy
used in Björk and Carlsson [2] and Björk [1] is different from the one in [6]), who kept the economic order quantity fuzzy
during the optimization process. They were forced to apply numerical optimization methods. In addition, they did not use
fuzzy demand. Another contribution, where the EOQ-formula is used but the optimization procedure performed numer-
ically, is found in Chiang et al. [7], for instance. For the purpose of modelling the uncertainties in a realistic way, it is
important to keep the uncertain parameters/variables fuzzy as long as possible. However, since analytical solutions were
desired, it is difﬁcult to keep the EOQ-formula fuzzy during the optimization process. Therefore, in Björk and Carlsson [2]
and in Björk [1] the objective function was defuzziﬁed, before solved to optimality, through the signed difference method
(as in [5]). However, the fuzzy numbers in Björk and Carlsson [2] and Björk [1] were assumed to be symmetrical. This
assumption was taken in order to ensure that the (defuzziﬁed) objective function is convex. Still, the symmetric assump-
tion is quite limiting for the experts that want to describe their knowledge/expert opinions about the demand and lead
time. The focus on this paper is therefore to investigate the more general model, where the fuzzy numbers are allowed
to be asymmetric triangular numbers. The purpose of this paper is threefold: to show that the EOQ-formula with backor-
ders and fuzzy demand and lead times (for asymmetric triangular fuzzy numbers) is convex under a reasonable assump-
tion, to solve the optimization problem and to summarize the contributions of Björk and Carlsson [2] and in Björk [1],
which all are special cases of the model presented in this paper.
The paper is organized as follows: First some preliminaries, similar to the ones found in Chang [5] are given as a founda-
tion for the defuzziﬁcation calculations. Then the model is presented, both crisp and fuzziﬁed, after which the fuzzy model is
defuzziﬁed with the signed distance method and the analytical solution is worked out with the ﬁrst order derivatives, while
the objective function is proven to be strictly convex. In the end, an example is given and some comparisons between earlier
works in this ﬁeld [1,6] are made. The paper is concluded with a brief discussion and further research tracks.
2. Preliminaries
Some basics from fuzzy set theory need to be introduced in order to make the following model development self-con-
tained. The preliminaries needed are similar to those used by Chang [5].
Deﬁnition 1. Consider the fuzzy set eA ¼ ða; b; cÞwhere a < b < c and deﬁned on R, which is called a triangular fuzzy number,
if the membership function of eA is given byleAðxÞ ¼
ðx aÞ=ðb aÞ a 6 x 6 b
ðc  xÞ=ðc  bÞ b 6 x 6 c
8><>: ð1Þ0 otherwise
Deﬁnition 2. Let eB be a fuzzy set on R and 0 6 a 6 1. The a-cut of eB is all the points x such that leBðxÞP a, i.e.BðaÞ ¼ fxjleBðxÞP ag ð2Þ
The interval operations are as follows according to Kaufmann and Gupta [9]. For any a; b; c; d; k 2 R and a; c > 0
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ðiiÞ ½a; bðÞ½c; d ¼ ½a d; b c
ðiiiÞ kðÞ½c; d ¼ ½kc; kd; k > 0½kd; kc; k < 0

ðivÞ ½a; bðÞ½c;d ¼ ½a  c; b  d
ðvÞ ½a; bðÞ½c; d ¼ a
d
;
b
c
 
ð3ÞIn order to ﬁnd non-fuzzy values for the model in the next section we need to use some distance measures, and as in Chang
[5] we will use the signed distance [19].
Deﬁnition 3. For any a and 0 2 R, the signed distance from a to 0 is d0ða;0Þ ¼ a. And if a < 0, the distance from a to 0 is
a ¼ d0ða;0Þ.
Let X be the family of all fuzzy sets eB deﬁned on R for which the a-cut BðaÞ ¼ ½BLðaÞ;BUðaÞ exists for every a 2 0;1½ , and
both BLðaÞ and BUðaÞ are continuous functions on a 2 0;1½ . Then, for any eB 2 X, we have (see [5])eB ¼ [
06a61
½BLðaÞa;BUðaÞa ð4ÞFrom Chang [5] it can be ﬁnally stated (originally by results from [19]) how to calculate the signed distances.
Deﬁnition 4. For eB 2 X deﬁne the signed distance of eB to ~01 as
dðeB; ~0Þ ¼ 1
2
Z 1
0
½BLðaÞ þ BUðaÞda ð5ÞThe Deﬁnition in Eq. (4) will give us several properties of which the most important is
Property 1. Consider the triangular fuzzy number eA ¼ ða; b; cÞ: the a-cut of eA is AðaÞ ¼ ½ALðaÞ;AUðaÞ, for a 2 ½0;1, where
ALðaÞ ¼ aþ ðb aÞa and AUðaÞ ¼ c  ðc  bÞa, the signed distance of eA to ~01 isdðeA; ~01Þ ¼ 14 ðaþ 2bþ cÞ ð6Þ
3. The models
3.1. The classical EOQ-model with backorders
The classical EOQ problem formulation consists of two decision variables, basically how much to order and how much to
allow the inventory to be on the negative side. The latter variable can be exchanged to the maximum amount of inventory
there will be (directly after the delivery, cf. Fig. 1). The choice of the second variable is only a matter of taste, they will both
ultimately give the same results. While Chang et al. [6] used the ﬁrst variable; we will use the second one. Under no uncer-
tainty, the inventory will have seesaw behaviour, cf. Fig. 1.
The classical cost function TCU (a function consisting of three costs, the order setup, the inventory holding and the short-
age penalty costs) will give the total costs asTCUðy;MÞ ¼ KD
y
þM
2h
2y
þ ðyMÞ
2p
2y
ð7ÞM
y
y-M
Inv.
Level
Time
Fig. 1. The representation of the EOQ-model with backorders.
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per order (parameter); D is annual demand of the product (parameter); M is maximum inventory level (just after replenish-
ment, variable); h is unit holding cost per year (parameter); p is the unit shortage penalty cost per year (parameter).
All parameters and variables are strictly greater than 0. In classical theory the maximal storage is given byM ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2KD
h
r

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p
hþ p
r
ð8ÞClassical results give us that the optimal order quantity isy ¼ M hþ p
p
 
ð9Þwhich can be rewritten asy ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2KD
h
þ 2KD
p
s
ð10Þ3.2. The EOQ-model with backorders and fuzzy lead times and demand
Let us assume that the lead time is uncertain but possible to describe with a triangular fuzzy number (allowed to be
asymmetric). This assumption is natural, since triangular fuzzy numbers may be used to model many kinds of uncertainties
in this ﬁeld of study. Triangular fuzzy numbers are also easy to handle. This is important when analytical solutions are de-
sired. Note that the lead times are not directly found in Eq. (7) but will affect the equation through the maximum inventory
levels, M! Note also that in the crisp case, M ¼ R LeDþ y, where R is the reorder point inventory level! The ordering quan-
tity, y, is ﬁxed (after the optimization procedure) and if the lead times are uncertain, M will also be uncertain. The reorder
point will be a ﬁxed inventory level (note that the EOQ is derived with the assumption of a continuous-review policy).
The lead time is a triangular fuzzy number given byeLe ¼ Le  DLl ; Le; Le þ DLh 	 ð11Þ
The maximum inventory level M will then beeM ¼ M  DMl ;M;M þ DMh 	 ð12Þ
whereDMl ¼ DLhD; and DMh ¼ DLl D ð13Þ
A triangular fuzzy number is also used to model the demand,eD ¼ D DDl ;D;Dþ DDh 	 ð14Þ
Finally, the EOQ-model with backorders as well as fuzzy demand and lead times will have a cost function given byTeCUðy; eMÞ ¼ K eD
y
þ
eM2h
2y
þ ðy
eMÞ2p
2y
ð15ÞIn order to defuzzify the cost function, the signed distances need to be deﬁned. The signed distance between TCU and 0 is
given bydðTeCU; ~0Þ ¼ KdðeD; ~0Þ
y
þ dð
eM2; ~0Þ  h
2y
þ dððy
eMÞ2; ~0Þp
2y
ð17Þwhere according to Eq. (6)dðeD; ~0Þ ¼ 1
4
D DDl
 	
þ 2Dþ Dþ DDh
 	h i
¼ Dþ 1
4
DDh 
1
4
DDl ð18Þand according to Eq. (5)dð eM2; ~0Þ ¼ 1
2
Z 1
0
ðM2ÞLðaÞ þ ðM2ÞUðaÞ
h i
da ¼ 1
2
Z 1
0
M  DMl þ DMl a
 	2
þ M þ DMh  DMh a
 	2 
da
¼ 1
2
Z 1
0
"
M2 MDMl þMDMl aMDMl þ DM
2
l  DMl aþMDMl a DM
2
l aþ DM
2
l a
2 þM2 þMDMh MDMh aþMDMh
þ DM2h  DM
2
h aMDMh aþ DM
2
h aþ DM
2
h a
2
#
da ð19aÞ
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2
MDMl þ
1
2
MDMh þ
1
6
DM
2
l þ
1
6
DM
2
h ð19bÞ
The ﬁnal expression to be defuzziﬁed isdððy eMÞ2; ~0Þ ¼ 1
2
Z 1
0
½ðyMÞ2L ðaÞ þ ðyMÞ2UðaÞda
¼ 1
2
Z 1
0
yM þ DMl  DMl a
 	2
þ yM  DMh þ DMh a
 	2 
da
¼ y2  2yM þM2  1
2
MDMl þ
1
2
MDMh þ
1
2
yDMl 
1
2
yDMh þ
1
6
DM
2
l þ
1
6
DM
2
h ð20Þ
Inserting Eqs. (20), (19a) and (18) into (17) yields the defuzziﬁed total cost functionTCUðy;MÞ  dðTeCU; ~0Þ ¼ KD
y
þ KD
D
h
4y
 KD
D
l
4y
þM
2h
2y
þ D
M2
l h
12y
þ D
M2
h h
12y
þ yp
2
 pM
þM
2p
2y
þ D
M2
l p
12y
þ D
M2
h p
12y
þMD
M
h h
4y
MD
M
l h
4y
þMD
M
h p
4y
MD
M
l p
4y
þ D
M
l p
4
 D
M
h p
4
ð21ÞThe defuzziﬁed objective function in Björk and Carlsson [2] and in Björk [1] was indeed convex (but not necessarily strictly
convex). The convexity could be easily established due to fact that all terms were convex (and thus the function is convex).
Generally, the requirement that a term of the form kxp=yq is convex, where k, p and q are positive constants and x and y are
positive variables, is that pP qþ 1 (cf. [3,11]). Thus the terms 12–15 in Eq. (21) are not convex. However, the convexity of
the Eq. (21) need to be examined through the Hessian matrix in order to conﬁrm convexity of the total cost function. For the
computation of the Hessian matrix, the derivatives need ﬁrst to be computed (ﬁrst and second grade).oTCU
oy
¼ KD
y2
 KD
D
h
4y2
þ KD
D
l
4y2
M
2h
2y2
 D
M2
l h
12y2
 D
M2
h h
12y2
þ p
2
M
2p
2y2
 D
M2
l p
12y2
 D
M2
h p
12y2
MD
M
h h
4y2
þMD
M
l h
4y2
MD
M
h p
4y2
þMD
M
l p
4y2
ð22Þ
oTCU
oM
¼ Mh
y
 pþMp
y
þ D
M
h h
4y
 D
M
l h
4y
þ D
M
h p
4y
 D
M
l p
4y
ð23Þ
o2TCU
oy2
¼ 2KD
y3
þ KD
D
h
2y3
 KD
D
l
2y3
þM
2h
y3
þ D
M2
l h
6y3
þ D
M2
h h
6y3
þM
2p
y3
þ D
M2
l p
6y3
þ D
M2
h p
6y3
þMD
M
h h
2y3
MD
M
l h
2y3
þMD
M
h p
2y3
MD
M
l p
2y3
ð24Þ
o2TCU
oM2
¼ h
y
þ p
y
ð25Þ
o2TCU
oMoy
¼ Mh
y2
Mp
y2
 D
M
h h
4y2
þ D
M
l h
4y2
 D
M
h p
4y2
þ D
M
l p
4y2
ð26ÞTherefore we will obtain the following Hessian matrixH ¼
h
y þ py Mhy2  Mpy2 
DMh h
4y2 þ
DMl h
4y2 
DMh p
4y2 þ
DMl p
4y2
Mhy2  Mpy2 
DMh h
4y2
2KD
y3 þ
KDDh
2y3 
KDDl
2y3 þ M
2h
y3 þ
DM
2
l h
6y3 þ
DM
2
h h
6y3 þ M
2p
y3
þ DMl h4y2 
DMh p
4y2 þ
DMl p
4y2 þ
DM
2
l p
6y3 þ
DM
2
h p
6y3 þ
MDMh h
2y3 
MDMl h
2y3 þ
MDMh p
2y3 
MDMl p
2y3
2666664
3777775 ð27Þ
The determinant of the ﬁrst order principle minor of the Hessian matrix is given by hy þ py > 0, which is necessary for the con-
vexity requirement. However the determinant of the second order principal minor is given byDet2 ¼ hþ p
y
2KD
y3
þ KD
D
h
2y3
 KD
D
l
2y3
þM
2h
y3
þ D
M2
l h
6y3
þ D
M2
h h
6y3
þM
2p
y3
þ D
M2
l p
6y3
þ D
M2
h p
6y3
þMD
M
h h
2y3
MD
M
l h
2y3
þMD
M
h p
2y3
MD
M
l p
2y3
 !
 Mh
y2
Mp
y2
 D
M
h h
4y2
þ D
M
l h
4y2
 D
M
h p
4y2
þ D
M
l p
4y2
 !2
¼ hþ pð Þ
2
y4
M2 þ 1
6
DM
2
h þ DM
2
l
 	
þM
2
DMh  DMl
 	 
 hþ pð Þ
2
y4
M2 þ 1
16
DMh  DMl
 	2
þM
2
DMh  DMl
 	 
þ hþ pð Þ
y
2KD
y3
þ KD
D
h
2y3
 KD
D
l
2y3
 !
ð28Þ
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2
y4
5
48
DM
2
l þ
5
48
DM
2
h þ
1
8
DMl D
M
h
 
þ hþ pð Þ
y4
2KDþ 1
2
KDDh 
1
2
KDDl
 
ð29ÞOne can see that the ﬁrst term in the Eq. (29) is always greater than 0. If then the second part of Eq. (29) will be greater or
equal to zero, we will have a strictly convex function.
Det2 > 0 if2KDþ 1
2
KDDh 
1
2
KDDl P 0 () DDl 6 DDh þ 4D ð30ÞIf a closer look is taken on Eq. (30) one can see that inequality DDl 6 D
D
h þ 4D is always true for reasonable values of DDl in the
calculations. If, on the contrary, DDl > D
D
h þ 4D, it means that we will have highly negative demands as very possible values.
Since we will not have negative demands in the EOQ-formula, both determinants for the Hessian matrix is strictly positive,
one can conclude that the function given by Eq. (21) is (strictly) convex under the very reasonable condition given by Eq.
(30). Therefore, to obtain the minimum of Eq. (21), we only need to solve the system of equations given byoTCU
oy
¼ oTCU
oM
¼ 0 ð31ÞFirstoTCU
oM
¼ Mh
y
 pþMp
y
þ D
M
h h
4y
 D
M
l h
4y
þ D
M
h p
4y
 D
M
l p
4y
¼ 0
() M ¼ yp
1
4D
M
h hþ 14DMl h 14DMh pþ 14DMl p
hþ p ¼
yp 14 DMh  DMl
 	
ðhþ pÞ
hþ p
() M ¼ yp
hþ p
1
4
DMh  DMl
 	
ð32Þ
oTCU
oy
¼ KD
y2
 KD
D
h
4y2
þ KD
D
l
4y2
M
2h
2y2
 D
M2
l h
12y2
 D
M2
h h
12y2
þ p
2
M
2p
2y2
 D
M2
l p
12y2
 D
M2
h p
12y2
MD
M
h h
4y2
þMD
M
l h
4y2
MD
M
h p
4y2
þMD
M
l p
4y2
¼ 0
()  K Dþ 1
4
DDh 
1
4
DDl
 
 1
2
M2ðhþ pÞ  1
12
DM
2
h  DM
2
l
 	
hþ pð Þ
 1
4
M DMh  DMl
 	
hþ pð Þ þ py
2
2
¼ 0
ð33ÞSubstituting M in Eq. (33) given by Eq. (32) results in the equation K Dþ 1
4
DDh 
1
4
DDl
 
 1
2
y2p2
hþ pð Þ2

yp DMh  DMl
 	
2 hþ pð Þ þ
DMh  DMl
 	2
16
0B@
1CA hþ pð Þ
 1
12
DM
2
h þ DM
2
l
 	
hþ pð Þ  1
4
yp
hþ p
1
4
DMh  DMl
 	 
DMh  DMl
 	
hþ pð Þ þ py
2
2
¼ 0
()  K Dþ 1
4
DDh 
1
4
DDl
 
 y
2p2
2 hþ pð Þ þ
yp DMh  DMl
 	
4

DMh  DMl
 	2
hþ pð Þ
32
 1
12
DM
2
h þ DM
2
l
 	
hþ pð Þ 
yp DMh  DMl
 	
4
þ 1
16
DMh  DMl
 	2
hþ pð Þ þ py
2
2
¼ 0
() y2 p
2
 p
2
2 hþ pð Þ
 
¼ K Dþ 1
4
DDh 
1
4
DDl
 

DMh  DMl
 	2
hþ pð Þ
32
þ 1
12
DM
2
h þ DM
2
l
 	
hþ pð Þ
() y2 hp
2 hþ pð Þ
 
¼ K Dþ 1
4
DDh 
1
4
DDl
 
þ hþ pð Þ
96
5DM
2
h þ 5DM
2
l þ 6DMh DMl
 	
() y2 ¼ K Dþ 1
4
DDh 
1
4
DDl
 
þ hþ pð Þ
96
5DM
2
h þ 5DM
2
l þ 6DMh DMl
 	  2 hþ pð Þ
hp
 
ð34Þ
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2KD
p
þ 2KD
h
þ KD
D
h
2p
þ KD
D
h
2h
 KD
D
l
2p
 KD
D
l
2h
þ 5D
M2
h h
48p
þ 5D
M2
h
24
þ 5D
M2
h p
48h
þ 5D
M2
l h
48p
þ 5D
M2
l
24
þ 5D
M2
l p
48h
 
þ 6D
M
h D
M
l h
48p
þ 6D
M
h D
M
l
24
þ 6D
M
h D
M
l p
48h
!0:5
ð35ÞIn Eq. (35) one can see that the ﬁrst two terms are identical to the crisp EOQ-solution, cf. Eq. (10). But in addition to the crisp
solution we will have terms from the uncertainty in the demand (terms 3–6) and from the lead times through the variableM
(the rest of the terms). It is also interesting to notice that the fuzzy optimal order quantity increases with uncertain lead
times but may also be somewhat reduced due to the (negative) uncertainty in demand. From Eq. (32) we also get thatMf ¼
p
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ð36Þwhich will ultimately giveMf ¼
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ð37ÞIn Eqs. (35) and (37) it can also be extracted that if there is no uncertainty, i.e. all D’s are 0, then the fuzzy case will collapse
into the classical crisp case given by the Eqs. (10) and (8), respectively.
4. Comparison to earlier work and an example
4.1. Comparison to the work by Björk [1]
In Björk [1], a special case of the problem formulation in this paper was presented. There it was assumed symmetrical
triangular fuzzy numbers, i.e.DMl ¼ DMh ¼ DM
DDl ¼ DDh ¼ DD ð38Þ
The formulation of the total cost function with symmetrical triangular values are given in Eq. (28) in Björk [1] and it is
yF ¼ 2KDp þ 2KDh þ D
M2 h
3p þ 2D
M2
3 þ D
M2 p
3h
 0:5
. The same result should be obtained if the fuzzy numbers are symmetrical (as in Eq.
38). If Eq. (35) is expressed with the D0s in Eq. (38), we will obtainyF ¼
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ð39ÞThus the Eq. (39) is identical with the solution given in Eq. (28) in Björk [1].
4.2. Comparison to the work by Chang [5]
The work by Chang et al. [6] is closely related to this work. They used a fuzzy total cost function with fuzzy negative back-
orders. This is, of course, equivalent to fuzzy lead times. They did not use fuzzy demand, however. When the variables/
parameters are fuzzy by nature, it is beneﬁcial to keep them fuzzy as long as possible in the calculation procedure. However,
the calculations (for the optimization) are more complex with fuzzy numbers. Therefore, Chang et al. [6] chose to solve the
fuzzy optimization problem numerically (using algorithm 6.5 from [12]) and then, as a ﬁnal step, defuzzify the solution.
There is often a trade-off between the generality and simplicity of the solution vs. to model the phenomenon accurately.
We chose to obtain an analytical solution, i.e. general and simple solutions (as also is done in [5], but for a different model)
instead of keeping the model fuzzy throughout the calculations. The solution approaches in this article and in Chang et al. [6]
are thus rather complimentary than exclusive. Still the solutions from the different approaches should be close to each other.
The notion they used is somewhat different to the one used in this paper; they used q for the order quantity (in this paper
called y) and s for the negative inventory (here y M). They also included the number of cycles per year in the objective
Table 1
The objective value for the optimal solutions given by the approach in this paper and the approach in the Chang et al. [6].
Ex. Chang et al. [6] The new approach Rel. er. between methods (%) Rel. er. in Chang et al. [6] (%)
1 8001.456814 8001.836923 0.005 0.018
2 8002.503489 8003.707877 0.015 0.031
3 8001.457104 8001.837956 0.005 0.018
4 8001.600941 8001.543756 0.001 0.020
492 K.-M. Björk / International Journal of Approximate Reasoning 50 (2009) 485–493function, whereas we assumed annual costs. But the set of four problems that were solved in Chang et al. [6] can be solved
with the new approach presented in this paper, given thatTable 2
The res
Crisp
Fuzzy
Increas
Table 3
The res
D (%)
30
+30DMl ¼ s2  s0
DMh ¼ s0  s1
ð40Þand the DDl ¼ DDh ¼ 0ðsJ ; J ¼ 0;1;2 are variables from [6]). In Table 1, the optimal objective values are compared between the
two approaches. Chang et al. [6] presented both the solution and the precision of the numerical results (given as ‘‘Rel. er. In
Chang et al. [6]” in Table 1). It is worth noticing that the relative error between the analytical solution and the numerical
solution (the third column, which is calculated as j1 objval Chang=objval analyticaljÞ is always less, for all four test prob-
lems, than the precision in the numerical solutions given in Chang et al. [6].
4.3. Numerical example
In the following, an example to illustrate the model is given. The example is not a real example, even if the data in the
example could be realistically found at a ﬁne paper distributor (real data cannot be published due to non-disclosure agree-
ments). The demand and the lead times for the replenishment decisions are assumed to be inherently fuzzy for the set of
products under observation. Therefore, let’s assume that the paper distributor has demand a product annually at
50,000 kg with a DDl of 5000 kg and a D
D
h of 10,000 kg. The paper cost 1 euro/kg. There is a ﬁxed cost incurring at every pur-
chase: 200 euro. The holding costs are 25% of the purchase price, i.e.: 0.25 euro per kg and annum. The penalty costs are
5 euro per kg and annum. This penalty cost represents a service level about 95% (if a simple normal distributed stochastic
demand would be assumed), but as stated earlier, we assume fuzzy demand in this model and this service level equivalence
is given as a comparison only. The effective lead times are 10 days with a DLl of 5 days (equals 0.013699 years) and a D
L
h of 10
days (equals 0.027398 years). Given these parameters the optimization results for this example are given in Table 2.
Note that the results in Table 2 indicate that the order size would increase with 5.8% if the uncertainties are accounted for
in appropriate manner. This would require an increased total cost of 7.3 %. If again the demand would not be fuzzy, the in-
crease of the total costs due to uncertain lead times would anyway increase with 6.1% (which was obtained in an additional
test run where DDl ¼ DDh ¼ 0Þ and if the fuzziness in demand would be doubled the total costs would increase with 8.4% (from
the crisp case). If again the DLl and D
L
h are set to zero, the increase in total costs are merely 1.2% and if these uncertainties are
doubled, the increase is 23.7%. From these calculations, it seams that the uncertainties in lead times will affect the base case
much more than the uncertainties in the demand. A brief sensitivity analysis of the other parameters is given in the follow-
ing. The parameters D, K, and p are allowed to change from the base case presented above. All these parameters are allowed
to increase and decrease 30% (one at a time). The result is found in Table 3 (the ‘‘inc y*” and ‘‘inc TCU*” represent the increase
in percentage from the corresponding crisp case.).
Note that in Table 3 it can be found that a change in the cost parameters will have approximately the same effect on the
increase in both batch size and total costs. The increase in K will, however, have the greatest impact. Note that the change in
K will correspond to the case when the ﬁxed costs can be reduced (or increased) due to better (or worse) freight consolida-ult from the example calculations.
y* M* TCU*
9165.15 8728.72 2182.18
9699.16 9408.53 2341.07
e (%) 5.83 7.79 7.28
ult from the brief sensitivity analysis.
inc y* (%) inc TCU* (%) K (%) inc y* (%) inc TCU* (%) p (%) inc y* (%) inc TCU* (%)
6.89 8.77 30 7.73 9.77 30 4.54 5.59
4.98 6.01 +30 4.79 5.92 +30 7.10 8.95
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96.3% service level, respectively). If the service level commitment would need to very high, say 99%, the increase in the total
costs would be approx. 86%. Ninety-nine percent service level commitments are unusual, but some players compete with
very high service level commitments in the Nordic paper market. With high service level commitments, the effect of uncer-
tain lead times are also huge.
5. Discussion and further research
This paper contributes to the theory in the ﬁeld of EOQ-models with uncertainty by presenting the analytical solution for
a case, where backorders and the lead times as well as the demand are inherent fuzzy numbers. The choice of keeping the
fuzzy numbers triangular is motivated by the desire to obtain an analytical solution for the problem under study. Still
the fuzzy numbers are allowed to be asymmetric, since it is important to give the decision maker the possibility to skew
the triangular membership functions in a desired direction. The optimal value for the model was obtained and the solution
was compared to earlier work in Björk [1] and Chang et al. [6]. The conclusion from the comparisons was that the fuzzy solu-
tion from the model used in this paper is coherent with the earlier work in this ﬁeld. Finally an example typical for the ﬁne
paper distributor was given to show that the uncertainties in the lead times and the demand affect the order size and that
the orders should be approx. 6% higher (in the example) than for the crisp case. Future research includes the task to cover
more membership functions than the triangular one. Also the difference between different defuzziﬁcation methods should
be investigated within these settings.
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